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Independent and Dependent Scattering
in Packed-Sphere Systems

B. L. Drolen* and C. L. Tienf
University of California, Berkeley, California

The present work predicts radiative extinction characteristics of packed-sphere systems; both independent and
dependent scattering are considered. This pertains to many radiation and heat transfer applications including
packed and fluidized beds, microsphere insulations, and soot or paint layers. Mie scattering theory is used to
calculate the independent scattering and absorption coefficients of a packed-sphere system. Radiative transfer
predictions based on these coefficients and a simple two-flux model provide much better agreement with reliable
experimental data than published ray-tracing and Monte Carlo models. The dependent scattering efficiency is
calculated via the form factor technique of X-ray scattering theory, which uses a pair distribution function to
correlate the relative positions of the constituent particles in the system. Predictions using two-pair distribution
functions, a "modified-liquid" model, and the hard-sphere Percus-Yevick model show excellent agreement with
published experimental data.
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Nomenclature
= absorption coefficient
= two-flux absorption parameter
= slab-geometry back-scatter fraction
= inter-particle clearance
= electromagnetic cross-section
= particle diameter
= particle volume fraction
= form factor
= pair distribution function
= geometric cross section
= intensity
= imaginary part of the complex refractive index
= total thickness of the scattering medium
= ratio of complex refractive index, n — ik,

to that of medium
= real part of complex refractive index
= number of particles per unit volume

or maximum integer count
= position of center of with particle
= slab-geometry phase function
= efficiency, C/G
= coordinate for pair distribution function
= electrical resistivity
= distance traveled into medium
= 4 X sin(@/2)
= transmittance or temperature
= gap size in "liquid" model
= particle size parameter, nD/X,

or slab coordinate
= relative gap size, w/D
= emissivity

= polar angle of the plane-parallel slab
= angle between directions of propagation

and observation
= wavelength
= cos#
= phase shift, 2x\m — 1|

a = scattering coefficient
a = two-flux scattering parameter
<p = azimuthal angle of the plane-parallel slab
6 = particle scattering phase function
w = solid angle

Subscripts and Superscripts
a = absorption
b = blackbody
c = critical
D = dependent scattering

= extinction
= incoming or incident beam
= maximum
= Mie scattering
= in vacuum
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= scattering
= wavelength
= directional
= forward
= backward

Introduction

RADIATIVE transfer in packed-sphere systems seems to
involve complex radiative interactions between the indi-

vidual spheres due to the close packed environment. This has
led many authors to the use of ray-tracing1'2 and Monte Carlo
techniques3 to incorporate the inter-particle ("dependent")
effects. However, from a fundamental standpoint these calcu-
lations neglect the effects of particle diffraction and transmis-
sion. They are also quite limited in their applicability and are
very time consuming. More importantly, it has been shown4"7

that independent, scattering theory is actually applicable for
most packed-sphere systems, and thus their extinction char-
acteristics can be calculated using Mie scattering theory.
Figure 1 shows the independent and dependent scattering re-
gimes over a wide range of size parameter, x = irD/X, and
volume fraction, fv. Zones of x and fv are also shown, which
are representative of typical heat transfer applications.

Mie scattering theory and a two-flux model are used to
calculate the extinction coefficients and the transmittance of a
packed system of large spheres, x — nD/X =* 6500, for which
reliable data are available for comparison in the independent
case.8 The predictions are in better agreement with the data
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than those calculated using either ray-tracing or Monte Carlo
techniques.

Many studies have shown that dependent scattering de-
creases the scattering efficiency.4"7'9"11 This occurs in various
packed-sphere systems such as microsphere insulations, de-
posited soot layers, and paint layers. These dependent effects
can be modeled by correlating the relative positions of the
scatterers using a pair distribution function, g(r), which rep-
resents the probability of finding a neighboring sphere at a
distance r from some central sphere. Once these positions are
established, the interference of the individual scattered waves
can be determined. Previous papers6'7 illustrate this method
using very simple g(r). In this paper several more advanced
g(r) are described, including the Percus-Yevick pair distribu-
tion function for the hard-sphere potential.12"15 The predicted
dependent scattering efficiencies, using each of these g(>), are
compared to reliable experimental data4'7'11 over a wide range
of /„. The predictions using the Percus-Yevick pair distribu-
tion function are in excellent agreement with the data.

Theoretical Background
Consider a radiant beam with intensity 7wX impinging upon

an absorbing, emitting, and scattering packed-sphere system.
As this beam traverses the medium, its intensity is attenuated
by both the out-scattering of energy into other directions and
the absorption of energy by the particles themselves. At the
same time, the intensity is enhanced by the in-scattering of
radiation from other directions and by the emitted energy
from the particles. The variation of intensity in a homoge-
neous and isotropic medium is quantified by the following
equation of transfer16:

ds

47T (i)
where 7wX is the directional spectral intensity, s the distance
traveled in the medium, T(s) the temperature at s, and ax
and <yx are the absorption and the scattering coefficients,
respectively. Equation (1) also includes the emitted intensity
of the particles IuXb and the scattering phase function, $x(X
-» o>), which represents the scattering from direction co, into
direction w and is normalized such that

(2)

The absorption and scattering coefficients in Eq. (1) are
denned as the fraction of the total propagating energy that
either is scattered out of, or absorbed from a radiant beam per
length of travel. They are directly related to the number
density of spheres and their effective scattering and absorption
cross-sections, CsX and CaX for a packed-sphere system. The
sum of the scattering and absorption cross- sections is called
the extinction cross- section, CeX. These effective areas are a
function of the complex refractive index, m = n — ik, the
particle size parameter and the polarization of the incoming
light.17 Only unpolarized light is considered herein since this is
a good approximation for most heat transfer processes.

These cross- sections are nondimensionalized using the
physical cross- section, G — irD2/4, yielding the scattering,
absorption, and extinction efficiencies

The scattering and absorption coefficients are given by

(5)

GJVQ, = GNQaX (6)

which can be related to /„ by noticing that for packed-spheres,
N = 6fu/irD3. Thus Eq. (6) can be rewritten in terms of /„
and D

2D (7)

Independent Scattering in Packed-Sphere Systems
Many methods have been used for modeling radiative heat

transfer in packed-sphere systems; these include simple geo-
metric methods, ray tracing and Monte Carlo methods, and
two-flux methods with either correlated or calculated parame-
ters. These approaches can be categorized in three fundamen-
tally different groups pertaining to the state of the medium,
discontinuous (modeled as an idealized geometry), continuous
(similar to a participating gas) and pseudo-continuous (a
combination of the above).

Discontinuous models treat a packed-sphere system as an
idealized geometry (parallel flat plates, close-packed spheres,
cubic-packed spheres) and use standard resistance network or
layer theory to calculate the heat flux. Vortmeyer18 published
an excellent review of many of the models in this category.
Chan and Tien1 examined a single cubic cell, representative of

The net heat flux is given by the integral of the
directional-spectral intensity, weighted by the cosine of the
angle between the direction of the flux and the intensity, over
all solid angles and wavelengths.16

To perform the scattering analysis of a plane-parallel, one-
dimensional geometry the particle phase function <I>(0) must
be converted into the proper coordinates for the slab. Note
that the angle 0 is relative to a ray incident upon an individ-
ual spherical particle and is not the same as $, which is the
polar angle of the plane-parallel slab. Given that 0 and $ can
be related through analytical geometry, assuming azimuthal
symmetry, the scattering phase function in the slab geometry
can be expressed

(3)

(4)

where ju, = cos$ and

0
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a cubic-packed geometry, and used ray-tracing techniques to
calculate the optical properties of a single layer. The transmit-
tance and reflectance of an JV-layer bed were then calculated
using the net radiation method as is done for multiple-plane
windows. Kudo et al.2 presented a model with variable fv,
which uses a Monte Carlo technique to calculate the reflected,
transmitted, and absorbed energy. They examined two differ-
ent packings, a pyramidal arrangement of four spherical oc-
tants, and a cubic cell with sides of length Lc containing a
sphere of diameter D at its center (LC>D), and suggested
that these cases respectively represented dependent and inde-
pendent scattering.

A truly continuous approach to modeling radiative transfer
in packed-sphere systems, though analytically desirable, is
clearly inadequate due to the discrete nature of the system.
The pseudo-continuous model combines the best aspects of
both the continuous and discontinuous models. The par-
ticulate medium is modeled as a random distribution of
particles of number density N, and the scattering and absorp-
tion characteristics of the medium are based on those of the
discrete particles. Yang et al.3 presented a combination ray
tracing and Monte Carlo model for packed-bed radiative
transfer. They mathematically generated a randomly packed
bed of spheres (/„ = 0.58) with known sphere center locations.
A ray tracing was performed in conjunction with Monte Carlo
techniques to determine the extinction characteristics of the
packed- sphere system. Brews ter and Tien5 used a simple two-
flux approximation to Eq. (1) to predict the transmittance of
packed-sphere systems. The solution for the transmittance,
assuming a quasi-isotropic phase function with diffuse inci-
dent flux and no emission, is given by

=/-^-= fcosh(£L) 4- ̂
•*/ L *

where Ii is the incident intensity and f is given as

(9)
They derived expressions for a, a, and the back-scattering
fraction B by integrating the one-dimensional, plane-parallel
transfer equation over all solid angles, yielding

(10)

(11)
(12)

They estimated the absorption and scattering efficiencies using
the surface emissivity of the spheres and approximated the
phase function as that of a diffusely reflecting sphere.16

The effects of diffraction and transmission are incorporated
in this paper by using the exact Mie scattering solution for the
scattering efficiency, the absorption efficiency, and the scatter-
ing phase function. These calculations are based on the funda-
mental properties of the packed-sphere system, namely m, fv,
D, and N. A more general expression for B is given by
combining Eq. (3) and Eq. (12)

The triple integral in Eq. (13) is numerically integrated using
twelfth-order Gaussian quadrature and the exact Mie scatter-
ing phase function. The integration was checked against
specific exact solutions and the results of higher order Gauss-
ian quadrature.

Figure 2 compares the six analytic models that have been
discussed to the experimental packed-bed transmittance data
of Chen and Churchill.8 Their widely quoted experiment
isolated the radiant mode of heat transfer from the convective
and conductive modes. This was achieved by illuminating a
bed of spheres (2-16 diam deep) with a modulated, high
temperature (700-1366 K), blackbody source and by measur-
ing the transmitted energy via a spectrally independent detec-
tor. The experimental data shown is for polished carbon steel
spheres, D = 4.7 mm and f0 = 0.60. The results of Kudo et al.2
("dependent") are in poor agreement with the experimental
data. The Monte Carlo models which are in closest agreement
with the data are those of Yang et al.3 and Kudo et al.2
("independent," LC/D = 10). Of these two models, that of
Yang et al.3 is far more physical since they use fv = 0.58;
whereas the model of Kudo et al.2 effectively uses fv = 0.004,
which is clearly inconsistent with the experimental data. Brew-
ster and Tien5 obtained very good agreement with the experi-
mental data by using € = 0.4, as suggested by Chen and
Churchill,8 and by approximating the phase function as that
of a diffusely reflecting large sphere.

Though the predictions obtained by Brewster and Tien5 are
close to the experimental data, Mie scattering calculations
improve the results by calculating the extinction coefficients
from first principles. The n and k values for steel were
approximated using those of iron provided by Siegel and
Howell,16 n = 1.51, k = 1.63 at X = 0.589 jim, scaled to Xmax
= 2.3 jitm using the Hagen-Rubens formula

(14)

resulting in n — k = 3.0. The size parameter for this calcula-
tion, x = 6505, is handled readily by the Mie scattering routine
of Bohren and Huffman,17 using double-precision arithmetic
and resulting in Qa = 0.50, Qs = 1.52. The value of the back-
scattering fraction, B, using Eq. (13) is 0.17. Using Eqs.
(10-11) the two-flux parameters are a = 97.7m"1 and a =
190.0m"1. The figure shows that the results of this approach
are in slightly better agreement with the experimental data
than the results of Brewster and Tien.5 In either case, better
agreement is achieved at increased packed-bed thickness. This
is expected since the pseudo-continuous assumption improves
with increasing bed depth. It is somewhat surprising that the
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simple two-flux model works so well for the large anisotropic
scatterers considered in this study. It is expected that a more
robust radiative transfer solution, such as the discrete ordinate
method, would further improve the agreement with the data.
It is possible that any inaccuracies in the current scattering
model are masked by the large value of the absorption coeffi-
cient.

Dependent Scattering in Packed-Sphere Systems
Figure 1 shows the distinction between independent and

dependent scattering regimes, but what is the significance of
the dependent effects and how can the effects be quantified?
As early as 1949, workers9 in the field of paints and pigments
published measurements of dependent effects at high fv. Their
data show that as the pigment fv in a paint layer increases
above about 0.3, the "hiding power" (hemispherical reflec-
tance) of the paint layer decreases. The data further demon-
strate that this decrease is independent of the thickness of the
paint layer and thus is not due to multiple scattering. Many
other studies indicate that as f0 increases into the dependent
regime, the scattering efficiency decreases from that calculated
by Mie scattering theory.4"7'9"11 Kunitomo et al.10 inferred a
decrease in the scattering efficiency and an increase in the
absorption efficiency from diffuse and normal reflectance data
for TiO2 particles in an alkyd resin layer. For x larger than
approximately seven, Ishimaru and Kuga11 measured depen-
dent extinction efficiencies greater than QM for fv > 0.1.

To determine the effects of dependent scattering at high fv,
consider a "central" scatterer located at Om. The interference
between the scattered intensity from this particle and the
surrounding particles is a function of their relative locations.
If the particles move freely about the central scatterer, the
system is spherically symmetric and the relative positions
depend only on the distance from Om. The positions of the
scatterers in the medium then correlate, via a pair distribution
function g(r) as in statistical mechanics. This function repre-
sents the likelihood of finding the center of a neighboring
particle at some distance r from the central particle.

Most models of dependent scattering follow the form factor
approach from X-ray scattering theory to quantify the inter-
ference effects. Cartigny et al.6 gave the following equation for
the form factor F(@), which assumes a homogeneous, con-

^ 0.8
z
9 0-7

| 0.6
H

° 0.5

i 0.4i
£ .0 .3

o 0.2

0 . 1

»d

ANALYSIS
X —> 0

- GAS MODEL
..... PACKED-SPHERE MODEL x \ u
- - - LIQUID MODEL \ \ v '•
-. -. _ MODIFIED-LIOUID MODEL \ \ \ X-.
._.. PERCUS-YEVICK CTWERSKY5 MODEL x \ V \

'

10-

PARTICLE VOLUME FRACTION, fv

Fig. 4 Reduction in scattering efficiency due to dependent scattering
for x '-* 0.

EXPERIMENT
a YAMAOA ET AL.
O ISHIMARU & KU6A

x i 0.529, n - 1.19
.. CORRELATION, HOTTEL ET AL

GAS MODEL
. . . . PACKED-SPHERE MODEL
- - LIQUID MODEL
._._ MODIFIED-LIQUID MODEL
— PERCUS-YEVICK MODEL

10-3 10'2 I0-1

PARTICLE VOLUME FRACTION, fv
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tinuous, isotropic, and infinite distribution of particles

2[g(r*) - l]M!i dr*

where S = 4jcsin(®/2), and r* = r/D. Given the form factor,
the dependent scattering efficiency for a given particle is
calculated

<16>
To use any of these equations, a given pair distribution

function must be assumed. Figure 3 shows several different
pair distribution functions. Cartigny et al.6 discussed two of
these: the "gas" model for low fv (fv < 0.1) and the "packed-
sphere" model for high fv (fv > 0.1). The "gas" model takes
the following form:

g(r*)=0 for r*< l

g(r*) = l for r*> l

(17)

(18)

Thus, no neighbor exists within one particle diameter of the
central scatterer and the likelihood of finding a neighbor
outside this diameter is uniform. The "packed-sphere" model
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Table 1 Form factor results for various pair distribution functions

Model_________________

Gas model6 1 - 8/y H( 4x sin y )
/ @ \ r / @ \ i / @

Packed-sphere model6 1 - 8/0 //I 4;csiny - 0.83sinl 4;csiny 1 /4xsin y

Liquid model15 1 - 8/y

Modified-liquid model 1 — 8/y
Percus-Yevick hard-

sphere model20

in 4xsin

(I-/.)4
————————r
(1 + 2/.)2

i / ® \ r . / ®\ i / ®iyj# 4y;csm^r- - 0.83sm 4xsin^- /4;csin -~-
\ 2 J I \ 2 / J / 2 J

where = —r(sint/ - UcosU), Y = l-0.5exp ( —
0.15

attempts to account for the increased fv by the addition of a
Dirac-delta function at r* = 1, as shown in Fig. 3, thus

g(r*)=0 for r*< l

g(r*) for r*> l

(19)

(20)

(21)

Gingrich and Warren19 proposed a "liquid" model which
incorporates the "gas" and "packed-sphere" models. They
suggested that a gap be inserted between the Dirac-delta
function and the uniform distribution. Thus

*(r*)-0

lira

for < 1 and 1 < r* < y
l-3/(4W2

g(r*) = l for r * > y

(22)

(23)

(24)

This "liquid" model introduces a new parameter, the relative
gap size y = w/D. Gingrich and Warren19 suggested that
Y = 1.18 correlates well with their X-ray diffraction data for
liquids.

The "liquid" model, Eqs. (22-24), reduces to the "packed-
sphere" distribution when y = 1. As the gap widens, the
results of this model approximate the results of the "gas"
model. Therefore, the "gas" and "packed-sphere" models can
be effectively combined by allowing the gap in the "liquid"
model to be a function of fv. The following correlation uses
this concept to match the data of Yamada et al.7

= l4-0.5exp(-6.67/J (25)

This " modified-liquid" model provides a gradual transition
from the "gas" model at low fv to the "packed-sphere" model
at high fv.

More advanced pair distribution functions have been de-
rived in the study of the statistical mechanics of liquids.
Among the best of these is given by the Percus-Yevick (PY)
integral equation with the appropriate potential function for
particle-particle interactions. For a packed-sphere system, the
hard-sphere potential applies, as used in the solutions by
Wertheim12 and Thiele. McQuarrie14 listed a subroutine for
this g(r*) based on Smith and Henderson's15 with minor
corrections at high fv behavior. Figure 3 shows the PY pair
distribution function for fv = 0.4 and fv = 0.1. In the figure at
low fv the PY g(r*) approaches the "gas" model. At high fv
it has a sharp peak at r* = 1 as does the "packed-sphere"
model. It also has the oscillatory behavior that the "liquid"
model approximates. The period of oscillation increases with
decreasing fv in the same way the gap of the "modified-liquid"

model grows with decreasing fv. The PY pair distribution
function incorporates the behavior of each of the simpler
models.

The form factors based on the simpler pair distribution
functions, as well as the PY pair distribution function for
x -> 0 are given in Table 1. The PY form factor for x > 0 is
calculated by performing the integration in Eq. (15) analyti-
cally from r* = 0 to r* = 1 and numerically from r* = 1 to
r* = 5, beyond which g(r*)' is assumed to be one, and the
integrand zero. This is a good aproximation for fv < O.5.15

QsD/QsM is determined by numerically integrating Eq. (16).
Note that independent of the model chosen, F¥=/(0) for
x -> 0; therefore Eq. (16) yields

QsD/QsM (26)

For the PY pair distribution, the reduced scattering efficiency
as x -> 0 is

as given by Twersky.20 Figure 4 shows QSD/QsM
 as x -* 0 for

each of the models discussed. Note that only the PY model
behaves reasonably at high fv.

To verify these dependent scattering models, Fig. 5 com-
pares the models to dependable experimental data for a wide
range of fv and x = 0.529, n = 1.19. Hottel et al.4 published
experimental data which led to the widely quoted c/X0 = 0.3
limit. They also correlated their results for c/X0 < 0.3 yielding

logiologio(C,*/e.i>) = 0.25 - 5.1c/A0 (28)

The data of both Ishimaru and Kuga11 and Yamada et al.7 are
included in Fig. 5. Note that the "gas" model works reason-
ably well for fv < 0.1 while the "packed-sphere" model and
the PY model are more accurate at higher fv. The results of
the "modified-liquid" model also are shown. Though this
" modified-liquid" model is a correlation, it is more fundamen-
tal than that of Hottel et al. (Eq. 28).

Ishimaru and Kuga11 also published dependent scattering
results for larger x. Their data for x = 3.518 and n = 1.19 are
compared in Fig. 6 to each of the analytical models. The PY
model predicts the experimental data extremely well while the
"gas" and "liquid" models are slightly less accurate. The
results of the modified "liquid" model and the "packed-
sphere" model are also in reasonable agreement with the data.
The PY model is expected to be much more accurate at high
/„; however, due to a lack of data in this region, no conclusive
judgement can be made as to the comparative accuracy of the
respective models. The results of Hottel's correlation, Eq. (28),
are in poor agreement with this large x data. Their correlation
is based on experimental data for a limited range of size
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parameter, 0.7 < x < 2.4 and therefore should not be extended
to size parameters outside this range.

Conclusions
Mie scattering results, based on x and m, coupled with a

simple two-flux model have been shown in excellent agree-
ment with published experimental data for a packed system of
large spheres (x — 6500). Furthermore, two-pair distribution
functions, the hard-sphere Percus-Yevick model, and a "mod-
ified-liquid" model have been used in conjunction with the
X-ray scattering form factor technique, to accurately predict
the effects of dependent scattering.
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